The purpose of this paper is to study the chain recurrent sets under persistent dynamical systems, and give a necessary condition for a persistent dynamical system to be topologically stable. Moreover we show that the various recurrent sets depend continuously on persistent dynamical systems.
The abstract theory of dynamical systems distinguished various recurrence properties such as periodicity, Poisson stability, nonwanderingness, chain recurrence, et cetera. The weakest property among them is the property of a point to be chain recurrent.
In [3] , Hurley analysed the chain recurrent sets under topologically stable dynamical systems, and Lewowicz [5] introduced the concept of persistence of a dynamical system which is weaker than that of topological stability.
The purpose of this paper is to study the chain recurrent sets under persistent dynamical systems, and give a necessary condition for a persistent dynamical system to be topologically stable. Bronstein and Kopanskii [1] introduced the concepts of weakly nonwandering set and chain recurrent set for dispersive dynamical systems (or a dynamical system without uniqueness) and said that, in general, it remains unknown whether or not the weakly nonwandering set is equal to the chain recurrent set. (See Section 6 in [1]). We claim that for a dynamical system (with uniqueness) the weakly nonwandering set is properly contained in the chain recurrent set. Moreover, Ombach [7] showed that the various recurrence mappings (such as a, a>, Q, CR, etcetera) are continuous at / if the system / has the P.O.T.P. (pseudo orbit tracing property) and is expansive. Finally we prove that the various recurrence mappings are also continuous at / if the system / is persistent.
We consider homeomorphisms (or dynamical systems) acting on a compact metric space. Unless otherwise mentioned, we let X denote a compact metric space with a metric d. Let H(X) denote the collection of all homeomorphisms of X to itself topologised by the C°-metric 
respectively, for all n G Z. Throughout this paper, it will be noted that a dynamical system means a discrete dynamical system induced by a homeomorphism on X, and a persistent dynamical system means both a and /^-persistent dynamical system. LEMMA 1 . A topologically stable dynamical system is persistent.
PROOF: It is straightforward. D
The following theorem gives a necessary condition for a persistent dynamical system to be topologically stable.
THEOREM 2 . A persistent dynamical system is topologically stable if it is expansive.
PROOF: Let / £ B(X) be persistent, and let e(/) be an expansive constant for / . Choose e > 0 satisfying e < e(/)/4. Given e > 0, there exists S > 0 such that if do(f, g) < 6, then for any x G X, there is y G X satisfying
for all n G Z. Define a map h: X -• X by h(x) -y, where y is an element in X chosen by the property of persistence of / as above. Then the map h is well-defined. In fact, let z be another element in X such that <f(/"(z), g n (x)) < e/2 for all n G Z. 
Moreover, the surjectivity of h can be derived from the fact that / is /3-persistent.
To show that hg -fh on X, choose x £ X. Then there exists
, by the definition of h. Hence we have hg = fh on X. This completes the proof of the theorem. U
We say t h a t f,gG H(X) are topologically conjugate if there exists h £ satisfying hg = fh, and the homeomorphism h is called topological conjugacy between / and g. In the following theorem, we see that the a (or /? )-persistence is invariant under a topological conjugacy.
THEOREM 3 . Any dynamical system which is topologically conjugate to an a (or 0 )-persistent dynamical system is a (or /3 )-persistent, respectively.
PROOF: Suppose that an a-persistent dynamical system / is topologically conjugate to a dynamical system g, and let h be a topological conjugacy between / and g. Let e > 0 be given, and choose 0 < e' < e such that if
for any i £ l , and
) < e for all n G Z. This means that g is a-persistent. Similarly we can show that any dynamical system which is topologically conjugate to a /3-persistent dynamical system is also ^-persistent. D
Let / £ E{X).
A point x £ X is said to be periodic if there exists n ^ 1 satisfying / n ( x ) -x. The set of all periodic points of / will be denoted by Per(/) A basic problem is to determine when a chain recurrent point is approximated by periodic points of / , or more generally to determine if each e-chain can be approximated by an actual orbit of / . Here we claim that this problem can be done for a-persistent dynamical systems on topological manifolds. To show this we need a lemma given in [6] . 
THEOREM 5 . Let X be a compact manifold, and let f £ H(X) be a-persistent. Then the set of all periodic points of f is dense in CR(f).
PROOF: If X is one-dimensional then the proof is clear. So, we may assume that the dimension of X is larger than 1. Let e > 0 be arbitrary. This means that B(x, e) ("1 Per(/) ^ 0, and so completes the proof. U
In [3] , Hurley showed that if / is a topologically stable diffeomorphism on a smooth compact Riemannian manifold X then each chain component of / contains a dense orbit. Moreover, he claimed that if / is topologically stable, X is connected and CR(f) has interior then CR(f) = X. We extend these results to a-persistent homeomorphisms on a compact manifold. Since CR(f) = F(x, e), we can choose two e-chains: {x,-}*_ 0 from x to z, and {zi}f_ 0 from z to x. Using the continuity of / , we can select m < 0 such that )> / m + 1 (l/)) < e -T n e n t h e sequence
is an e-chain from x to y. Similarly we can construct an e-chain from y to x. Thus we have y G F(x, e). This contradicts the fact that y £ CR(f), and so completes the proof. D
Bronstein and Kopanskii introduced the notions of weakly nonwandering set and chain recurrent set for a dispersive dynamical system (or a dynamical system without uniqueness) on a compact metric space, and said that, in general, it remains unknown whether or not the weakly nonwandering set is equal to the chain recurrent set (see Section 6 in [l] ). Clearly, a dynamical system (with uniqueness) on a compact metric space is also a dispersive dynamical system.
Similarly we introduce the concept of weakly nonwandering set of a dynamical system on a compact metric space. [7] Persistent dynamical systems 515
A point x G X is called weakly nonwandering (or weakly periodic) for / £ H(X) if
for any e > 0 there exists g £ B{X) such that do(f, g) < e and x is nonwandering (or periodic) for g, respectively. The set of all weakly nonwandering (or weakly periodic) points for / will be denoted by !)"(/) (or .?«,(/)), respectively. It is easy to show that n w (f) is closed and Sl(f) C !!"(/). In the following example, we show that for a dynamical system / (with uniqueness), the set ftti,(r) is not equal to CR(f). In [7] , Ombach proved that the mappings defined as above are continuous at / if / has the P.O.T.P. and is expansive. It is well-known that a dynamical system which is both expansive and possesses the P.O.T.P. is topologically stable. By Lemma 1, a topologically stable dynamical system is persistent. Finally, we show that the mappings defined as above are also continuous at / if / is persistent. To show this we need the concept of upper and lower semi-continuity. 
CR(f) = Pe7(7) C^(f)CB e (^)) C B e (CR(g)).
This implies that all considered mappings are lower semi-continuous at / . 
